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Abstract 



In this paper a new supersymmetric extension of conformal mechanics is put forward. The 
beauty of this extension is that all variables have a clear geometrical meaning and the super- 
Hamiltonian turns out to be the Lie-derivative of the Hamiltonian flow of standard conformal 
00 ' mechanics. In this paper we also provide a supersymmetric extension of the other conformal 

, generators of the theory and find their "square-roots" . The whole superalgebra of these charges is 

then analyzed in details. We conclude the paper by showing that, using superfields, a constraint 
can be built which provides the exact solution of the system. 



(D '. 1 Introduction 

In 1976 a conformally-invariant quantum mechanical model was proposed and solved in ref. [1]. 
^ ' New interest in the model has been recently generated by the discovery Q that the dynamics of 

' a particle near the horizon of an extreme Reissner-Nordstr0m black-hole is governed in its radial 

motion by the Lagrangian of ref. A supersymmetric extension of conformal mechanics was 
proposed later by two independent groups 1^] and also the supersymmetric version seems to hold 
some interest for black-hole physics. 

In this paper we shall put forward a new supersymmetric extension of conformal mechanics. It 
is based on a path- integral approach to classical mechanics developed in ref. [^. The difference 
between our extension and the one of ref. j^], which was tailored on the supersymmetric quantum 
mechanics of Witten is that the authors of ref. took the original conformal Hamiltonian 
and added a Grassmannian part in order to make the whole Hamiltonian supersymmetric. Our 
procedure and extension is different and more geometrical as will be explained later on in the paper. 

The paper is organized in the following manner: In section 2 we give a very brief outline of 
conformal mechanics and of the supersymmetric extension present in the literature ; in section 
3 we put forward our supersymmetric extension and explain its geometrical structure. In the same 
section we build a whole set of charges connected with our extension and study their algebra in 
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detail. In section 4 we show that, differently from the superconformal algebra of where the even 
part had a spinorial representation on the odd part, ours is a non-simple superalgebra whose even 
part has a reducible and integer representation on the odd part. In section 5 we give a superspace 
version for our model and, like for the old conformal mechanics, we provide an exact solution of 
the model. This is given by solving a constraint in superfield space. Details of the calculations can 
be found in a longer version of this paper 

2 The Old Conformal and Supersymmetric Extended Mechanics. 

The Lagrangian for conformal mechanics proposed in |]|] is 

(1) 

This Lagrangian is invariant under the following transformations: 
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= 'W=hiTi)^ witho*-,J. = l, (2) 

which are nothing else than the conformal transformations in 0+1 dimensions. They are made of 
the combinations of the following three transformations: 

t' = a^t dilations^ (3) 
t' = t + (3 time-translations, (4) 

t' = special- conformal transformations. (5) 

The associated Noether charges Q are: 

1 f q \ 1, . O 1, ,ln 

' „^ I ^ 1 . 7~1 -l-ZJ I \. J.^ ZLT 4-( „^ I \ I „^ 



^=2Y^^)'' D = tH--{qp + pq)- K = t' H - -t{qp + pq) + -q\ (6) 
The quantum algebra of the three Noether charges above is: 

[H, D] = iH; [K, D] = -iK; [H, K] = 2iD. (7) 
The H,D,K above are explicitly dependent on t, but they are conserved, i.e.: 

dD , dK , dD dK 

As the H,D,K are conserved, their expressions at t = which are 
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Do = -^[qp + pq]; Ko = ^q^ (9) 



satisfy the same algebra as those at time t. 

The supersymmetric extension of this model, proposed in ref. [0], has the following Hamiltonian: 
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. - . (10) 

where V'jV'^ Grassmannian variables whose anticommutator is = 1- Ii^ Hsvsy there is 

a first bosonic piece which is the conformal Hamiltonian of eq.(^, plus a Grassmannian part. Note 
that the equations of motion for "(7" have an extra piece with respect to the equations of motion 
of the old conformal mechanics . 

HsusY can be written as a particular form of supersymmetric quantum mechanics H: 



H 



SUSY 



Q,Q 



where the super symmetry charges are given by: 



-ip + 



Q 



t , f- dW\ 



(11) 



(12) 



and where W is the superpotential which, in this case of conformal mechanics, turns out to be: 

W{q) = ^ log q. (13) 

If we perform a supersymmetric transformation combined with a conformal one generated by the 
(H,K,D), we get what is called a superconformal transformation. In order to understand this 
better let us list the following eight operators: 

[q,p]+, K = ^- 
2 ' 



H 



1 r 2 , 9 + 2^B 
P + T 



B 



2 



D 



= i)q. 



■ , V9 
ip + - — 

q 



Q 



K 



(14) 



■ , V9 
ip + — — 

q 



s = 

The algebra of these operators is closed and given in the table below: 

TABLE 1 



(15) 
(16) 



[H,D]=iH; 


[K,D] = -iK; 


[H, K] = 2iD; 


[Q,H]=0; 


[Q\H]=0; 


[Q,D] = iQ; 




[Q,K] = -S- 


[S,K]=0; 


[sKk] = o- 


[S,D] = -^S; 




[S,H] = -Q; 


[S^,H] = Q^; 


[Q,Q^=2H; 


[S, = 2K- 




[B,Sl = S; 


[B,S^] = -S^- 


[B,Q^] = -Ql 


[Q,S^ = ^-B + 2iD; 


[B,Q] = Q-, 



The square-brackets [(.), (.)] in the algebra above are (/radecZ-commutators. We notice that the com- 
mutators of the supersymmetry generators (Q,<5^) with the three conformal generators {H,K,D) 
generate a new operator which is S. Including this new one we generate an algebra which is closed 
provided that we introduce the operator B of eq.(15) which is the last operator we need. 
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3 A New Supersymmetric Extension. 



In this section we are going to present a new supersymmetric extension of conformal mechanics. This 
extension is based on a path-integral approach to classical mechanics (CM) developed in ref. [Q]. Let 
us start with a system living on a 2n-dimensional phase space A4 — whose coordinates we indicate 
as with a = 1, . . . , 2n, i.e.: 0" = (q^, . . . , q"';p^, ■ ■ ■ ,p"') — and having an Hamiltonian H{(p). 
The equations of motion are then: 0" = where uj'''' is the usual symplectic matrix. By path 

integral for CM we mean a functional integral that forces all paths in Ai to sit on the classical 
ones. The classical analog of the quantum generating functional is then: 

Zcm[J] =N (Vcp ~5[<t>{t) - ^,i{t)] exp 



Jcj) dt 

where (f) are the (j)"" G M, 4>ci are the solutions of the equations of motion. J is an external current 
and 6[.] is a functional Dirac delta which forces every path (j)(t) to sit on a classical ones 4>ci{t)- Let 
us first rewrite the functional Dirac delta in the Zqm above as: 

The next step is to write the 6[.] as a Fourier transform over some new variables and to expo- 
nentiate the determinant via Grassmannian variables Ca,c°. The final result is 



ZcmM = J V(j)''VXaVc''Vcaexp i J dtC 



with C = \a [(j)" - uj^'dbH] + ica [5^dt - to^^dcdbHY 



One can derive the equations of motion from this Lagrangian which, for (j)"", are the standard 
Newton equations while for are the equations of the first variations. This last thing allow us to 
identify the with the basis of the forms dcj)'^ Q. 

The equations of motions can be derived Q also from the Hamiltonian associated to the La- 
grangian above which is 

n = XaCO^^dbH + icaOj''\dcdbH)c\ (17) 

As the ZcM is a path integral we can also define the concept of commutator as Feynman did in the 
quantum case. The result is: ([(/)'^,Afe]) = iS^; ([cfe,c"]) = 5^. 

Using this operatorial formulation and the fact that the c"" can be identified with forms, it is easy 
to prove that Ti is nothing else than the Lie-derivative of the Hamiltonian flow generated by H. 
The reader may remember that the concept of Lie-derivative was mentioned also in the second of 
refs. 1^. There anyhow the connection between Lie-derivative and Hamiltonian was not as direct as 
here. Moreover the Lie-derivative was not linked to the flow generated by the conformal potential 
(1) but with the fiow generated by the superpotential (13). 

The Hamiltonian Ti has various universal symmetries |Q] all of which have been studied geomet- 
rically Q p. The associated charges are: 



Qbrs = ic^Xa, Qbrs = iCaiO^^Xb] (18) 

n -n^T^. ^_ ^abC''c\ uf^^CaCb 
— C Ca, L' — , U — 

= c^daH; N„ = CaiV^^dbH. 
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Using the correspondence between Grassmannian variables and forms, the Qbrs turns out to be 
nothing else [Q| than the exterior derivative on phase-space. |@]. The Qg, or ghost charge, is the 
form-number which is always conserved by the Lie-derivative. Similar geometrical meanings can 
be found Q for the other charges that are listed above. Of course linear combinations of them are 
also conserved and there are two combinations which deserve our attention. They are the following 
charges: 



Qh = Qbrs- PNh] Qh = Qbrs + P^h] (19) 

(where /? is an arbitrary dimensionful parameter) which are true supersymmetry charges because, 
besides commuting with Ti., they give: [Qh, Qh] — '^iP'H. This proves that ourTC is supersymmetric. 
To be precise it is an = 2 supersymmetry. One realizes immediately that H acts as a sort of 
superpotential for the supersymmetric Hamiltonian 7i. All this basically means that we can obtain 
a supersymmetric Hamiltonian TC out of any system with Hamiltonian H and, moreover , our TC 
has a nice geometrical meaning being the Lie-derivative of the Hamiltonian flow generated by H. 

We will now build the TC of the conformal invariant system given by the Hamiltonian of eq.(^, 
that means we insert the H of eq.(^) into the H of eq.(|^). The result is: 

H = XqP + Xp^ + icqd' - Sicpc'^-^, (20) 

where the indices (.)'' and (.)p on the variables (A,c, c) replace the indices (.)° which appeared in 
the general formalism because here we have only one degree of freedom. The two supersymmetric 
charges of eq.(^9|) are in this case 

Qh = Qbrs + P (^C? - pc^^ ; Q^ = Q^^^ + P (^Cp + pc,) . (21) 

It was one of the central points of the original paper IQ on conformal mechanics that the Hamil- 
tonians of the system could be, beside Hq of eq.(^), also Dq or Kq or any linear combination of 
them. In the same manner as we built the Lie-derivative Ti. associated to Ho, we can also build the 
Lie-derivatives associated to the flow generated by Dq and Kq. We just have to insert Dq or Kq in 



place of H as superpotential in the H of eq.(17). Calling the associated Lie-derivatives as Vq and 
ICq, what we get is: 

^0 = ^[ApP - Agg i(cpC^ - Cgc'')]; K.q = -Xpq - icpd' . (22) 

Both 2?o and /Cq are "supersymmetric" in the sense that there are the "square" of some charges: 
[Qd, Qd\ = 4i7^o; [Qk, Qk\ = 2iajCo, given by 

Qd = Qbrs + l{qc^ + pc'^)] Qd = Qbrs + liP^P " ^Cg); (23) 
Qk = Qbrs - aqc'^; Qj^ = Qgj^g - «9Cp. (24) 

The a and 7 are arbitrary constant variables like P was. Let us list all the operators we have found 
so far: 
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TABLE 2 



H = Xqp + Ap-^ + icqC^ — Sicpc'^-^; 



1 



/Cn 



Qk = Qbrs - aqc'^; 

Qd = Qbrs + li^C^ + pc^) ; 



1 

Qbrs ~ "^i^p^q ~ ^q^-p) 

' g 



Qh ~ Qbrs ~^ ^q^'^^ ~^ ^^'^ 

Qk ~ Q_BRS ~ ^l^p') 

Qd = Qbrs+1{P^P - Q^g). 



We find that they are the minimum number in order to make a closed algebra which is written in 
the TABLE below: 

TABLE 3 

















H; 






\H,K,q\ = 


2iVo; 


[QH,n] = 


0; 


[QH,n] = 




[Qh, Qh] 


= 2ipn; 


[Qh,'Do] = 


iiQn ~ Qbrs)', 


[Qh,2o] = 


" '^{Qh ~ Qbrs); 






[Qh,ICo]^= 


if^X^iQo- Qbrs); 


[Qh, ^ol = 


-- i(3j-^{Q^ - Qbas); 






[Qbrs J "H] 


= [Qbrs^'^] = 0; 


[Qbrs, ^] 


= [Qbrs^i^] = 0; 


[Qbrs,T>] 


= [QbrsM = 0; 


[QD,n] = 


-2i-ff5-^{QH-QBRs); 


[QD,n] = 


-2^7r'(9H -Qbrs); 






[Qd,K,o] = 


2i^a~^{QK - Qbrs); 


[Qd,^o] = 


-- 2ija ^{Qj^ - Qbi,s); 








0; 


[Qd,1^o] = 




[Qd, Qd] 


= 4i7^o; 


[QK,n] = 


-ia^'^iQo - Qbrs); 


[QK,n] = 


-ia-r^{Qo_- Qbrs); 






[Qk,Vo] = 


~i{QK ~ Qbrs); 


[Qk,2o] = 


- —i{Qj( — Qbrs), 






[Qk, A^o] = 


0; 


[Qk,^o] = 


--0; 


[Qk,Qk] 




[Qh, Qd] ~ 


= i^n + 2i-fVo - 2p-fH; 


[Qh, Qd] - 


= i(3n + 2ijVo + 213-iH] 






[Qk, Qd] - 


= ialCo + 2x7^0 + 2a'yK; 


[Qk, Qd] - 


= iaICo + 2i7l?o — 2a7i^; 






[Qh , Qk] ~ 


= i(3Ti. + iaICo — 2aj3D; 


[Qh,Qk] -- 


= ifin + ialCo + 2a(3p; 






[Qh, Qbrs 


= ^H,QBRs]=im; 


[Qk, Q brs 


] = [Qk,Qbrs] = iaICo; 






[Qd, Qbrs 


= [QD,QBRs]=2i-iVQ; 










[Qi...),H]-- 


- P {Qbrs ~ Qh); 


[Q,.,,H]-- 


~ P {Qbrs ~ Qh); 






[Qi...),Do] 


= {2-i)-\Qsrs-Qd); 


[Q(...)'^0] 


= {2i)-H,QsRsz Qo); 






[Q,..),Ko] 


= a~^{QBRs - Qk); 


[Qi..,,Ko] 


— {Qbrs ~ Qk); 






[n, H] = o 




[K-o,Ko] = 


0; 


[Vo,Dq] = 


= 0; 


[n,Ko] = 


[hXo] = 2iD- 


[n,Do] = 


[H,V^]=iH; 


['Do,Ko] = 


= [Do,ICo]=iK. 



All other commutator^ are zero. 

We notice that for our supersymmetric extension we need 14 charges (see TABLE 2) in order 

for the algebra to close, while in the extension of ref. one needs only 8 charges (see TABLE 1). 

^The Q{...) appearing in the table can be any of the following operators: Qbrs,Qh,Qo,Qk and the same holds 
for Q(...)- Obviously all commutators are between quantities calculated at the same time. 
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4 Superconformal Algebras Associated to the Two Extensions. 

A Lie superalgebra Q is an algebra made of even En and odd Oa generators whose graded com- 
mutators look like: 

[Em, En] = FP^j^Ep] [Em,Oa] = G^^O^; [OajOjs] = C^pEm; (25) 

and where the structure constants -^mru ^'(^ q,, C™^ satisfy generalized Jacobi identities. 

The second relation of eq.(25) is usually interpreted by saying that the even part of the algebra 
has a representation on the odd part. This is clear if we consider the odd part as a vector space 
and that the even part acts on this vector space via the graded commutators. 

For superconformal algebras the usual folklore says that the even part of the algebra has his 
conformal subalgebra represented spinorially on the odd part. This is true only in a relativistic 
setting and it is not always the case in a non-relativistic one. We will now analyze both the case 
of ref. and ours. 

Let us start from the superalgebra of ref. Q which is given in eqs.(14)-(16). The even part of 
this superalgebra Qq can be organized in an S0{2, 1) form as follows: 



Go- 





1 




Bi 






~ 2 




B2 


= D 






1 




J3 




!^^aH] 




~ 2 


a 



where a is the same parameter introduced in [|| with dimension of time. 
On the other side the odd part Gi is: 




It is easy to work out, using the results of TABLE 1, the action of the Qq on Qi. The result is 

summarized in table 6 of ref. Q. 

Considering the odd part as a vector space, let us build the following 4 "vectors" : 

|g)^g + Qt. |p)^5_5t. (26) 
|r) = Q-Qt; \s) = S + SK (27) 

Next let us take the Casimir operator of the algebra Go which is C = Bf + i?! ~ J3 ^PP^Y it 
to the state \q): 

C\q) = [Bi, [Bi,Q + Qt]] + [B2, Q + Q^]] - [J3, [J3, Q + Q^]] = -^k). (28) 

The same happens for the state \p). The factor | = — ^(^ + 1) above indicates that the {\q), \p)) 
space carries a spinorial representation. It is possible to prove the same for the other two vectors. 

Let us now turn the same crank for our supersymmetric extension of conformal mechanics. 
Looking at the TABLE 2 of our operators, we can organize the even part Qq, as follows: 
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TABLE 4 (go) 

















1 










Bi 






); P. 


= 2D; 




~ 2 






K 


B2 


= v- 




P2 


= aH- 


a 
K 


h 




- + an] 




= aH + 












a 




The LHS is the usual 50(2, 1) while the RHS is formed by three translations because they commute 
among themselves. So the overall algebra is the Euclidean group E[2, 1). 

The odd part of our superalgebra is made of 8 operators (see TABLE 2). As we did before for 
the model of Q, we will now evaluate for our model the action of Qq on the odd part. The result 
is summarized in table 9 of ref. [^. It is easy to realize from that table that the following three 

[P 7 

vectors (where for simplicity we have made the choice a = \ — and i] = ): 

V a \/ap 

= {Qh ~ QbRs) ~ {Qh ~ Q_BRs) 

- {Qk — Qbrs) ~ (Qk Z-Qbrs) (^^) 
= V'^HQd - Qbrs) - [Q d " Qbrs)] 

make an irreducible representation of the conformal subalgebra. In fact one easily |^] obtains: 
-Bilfe) = --Ife); B2\qH) = -i\qH)\ M(iH) = -^\qD) 

% Z 

BMk) = -i^ko); B2\qK) = i\qK); Mqk) = -^^Qd) (30) 
Bilqo) = -iHqn) + Wk)); -B2|fe) = 0; JsWd) = iHqn) - Wk))- 

The Casimir operator is given, as before, by: C = Bf + i?! — but we must remember to use, for 
Bi, B2 and J3, the operators contained in TABLE 4. It is then easy to check that: Clqn) = — 2|g^). 
The same we get for the other two vectors Ife); Iqo), so the eigenvalue in the equation above is 
C = —2 = —1(1 + 1) and this indicates that those vectors make a spin-1 representation. It is also 
easy to prove that there is another spin-1 representation and two spin-0. The details can be found 
in ref. |p. 

We wanted to present this analysis in order to underline a further difference between our super- 
symmetric extension and the one of whose odd part Gi, as we showed before, carries two spin 
one-half representations. 



5 Exact Solution of the Model and Its Superspace Formulation. 

We will now present a superspace formulation of our model like the authors of ref. did for theirs. 
We have to enlarge the "base space" (t) to a superspace {t,9,9) where (0,9) are Grassmannian 
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partners of (t). It is then easy to put all the variables ((/>", c", A^, c^) in a single superfield $ defined 
as follows: 

^"{t, 9, 9) = + ^c"(t) + 9 LO^^Cbit) + m LO^^Xbit). (31) 

This superfield had already been introduced in ref. [Q]. It is a scalar field under the super symmetry 
transformations of the system. It is a simple exercise to find the expansion of any function F(<I>") of 
the superfields in terms of 6, 6. For example, choosing as function the Hamiltonian H oi a, system, 
we get: 

= H{^) + 9Nh -eN„ + i99 n. (32) 
From eq.(|3^) it is easy to prove that: 

i J H{<^) d9d9 = n. (33) 

Here we immediately notice a crucial difference with the supersymmetric QM model of ref.|Q. In 
the language of superfields (see the second of ref. Q) those authors obtained the supersymmetric 
potential of their Hamiltonian by inserting the superfield into the superpotential (which is given by 



eq.(13)) and integrating in something like 9, 9, while we get the potential part of our supersymmetric 
Hamiltonian by inserting the superfield into the normal potential of the conformal mechanical model 
given in 

The space ((/>", c'^, A^,, c„) somehow can be considered as a target space whose base space is the 
superspace {t,9,9). The action of the various charges listed in our TABLE 2 is on the target- 
space variables but we can consider it as induced by some transformations on the base-space. If 
we collectively indicate the charges acting on (i;/)", c", A^,, c^) as fi, we shall indicate the generators 
of the corresponding transformations on the base space as Q. The relation between the two is the 
following: 

5^'' = -em'' where (5$'^ = [eJ), (34) 

with e the commuting or anticommuting infinitesimal parameter of our transformations and [(.), (.)] 
the graded commutators of our formalism. 

Using the relations above it is easy to work out the superspace representation of the operators 
of eq.(18). They are: 

QBRs = -de; QBRs = de; Qg = 0dg-9de (35) 



C = 9de; C = 9dg; Nh = m NH = 9d, 



Via the charges above it is easy to write down also the supersymmetric charges of eq.(^): 
= -de-(3 9dt; = dg + 13 9dt. 



Proceeding in the same way, via the relation (34), it is a long but easy procedure to give a superspace 



representation to the charges Qd,Qd^Qk,Qk of ^qs. (2S)-(pl[).The result H is: 



n 



d 

Tt^ 

d 



V = it 



d_ 
dt 



/C = it^ 



d 



d 



% = -^-27 0t- + ^9a^- 



dt 



itas-ia-; 



(36) 
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36 ot dO ot 



o ^1 1 f) 

H = ee-; b = ee {t---a^)- k =~ee {t'--ta^- a.). 

In the previous expressions the cjs and a- are the Pauh matrices while the index (•)* indicates an 
explicit dependence on t which appears for the following reasons. Let us go back to relation (6): 

H = Hq; 

D = tH + Do; 



K = fH + 2tDo + Ko] 



from which we get: 



V = tn + Vo; 

K = t^n + 2Wo + £o- (37) 

The "square roots" of these operators will depend explicitly on the time t and they are those listed 
in eqs.(36). For more details about their derivation we invite the reader to consult reference [Q. 

Let us now turn to the solution of our model. The original conformal mechanical model was 
solved exactly in eq.(2.35) of reference The solution was given by the relation: 

q'^{t) = 2t'^H - 4tDo + 2Ko. (38) 

As {H, Dq,Kq) are constants of motion, once their values are assigned we stick them in eq. (|3^), and 
we get a relation between "q'" (on the LHS of (38) ) and "t" on the RHS. This is the solution of the 
equation of motion with "initial conditions" given by the values we assign to the constants of motion 
(H, Dq, Kq). The reader may object that we should give only two constant values (corresponding to 
the initial conditions ((?(0), ^(0))) and not three. Actually the three values assigned to {H, Dq, Kq) 
are not arbitrary because, as it was proven in eq.(2-36) of ref. Q, these three quantities are linked 
by a constraint: {HKq — Dq) = | where "^f" is the coupling which entered the original Hamiltonian 
(see eq.(l) of the present paper). Having one constraint among the three constants of motion brings 
them down to two. 

What we want to do here is to see if a relation analogous to (38) exists also for our supersymmetric 
extension or in general if the supersymmetric system can be solved exactly. The answer is yes and it 
is based on a very simple trick. Let us first remember how Ti and H are related: i J H{^) dOdO = 7i. 
The same relation holds for Dq and /Co with respect to Dq and Kq: 

i J Do{^) dOde = Vq; ij i^o(^) dOdO = Kq. (39) 

Of course the same kind of relations holds also for the explicitly time-dependent quantities: 
ijD{<^)dede = 'D; i J K{^) dOdO = IC. 
Let us now build the following quantity: 

2t'^H{<^>) - UDi^) + 2K{^); (40) 
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this is functionally the RHS of eq.(38) with the superfield replacing the normal phase-space 
variable (p"". It is then clear that the following relation holds: 

{^if = 2fH{^) - UD{^) + 2K{^). (41) 

The reason it holds is because, in the proof of the analogous one in g-space, the only thing 
the authors used |jl| was the functional form of the {H, D, K). So that relation holds irrespective 
of the arguments, (f) or which enter our functions provided that the functional form of them 
remains the same. From the form of the superfields it is then easy to expand in 9 9 the RHS and 
LHS of the relation (40) and get four relations, one for each of the variables {q, c'^, Cp, Ap), entering 
our formalism. These relations solves the model completly. For more details we refer the reader to 
ref. |]. 
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